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Abstract 

Chiral antisymmetric tensor fields can have chiral couplings to 
quarks and leptons. Their kinetic terms do not mix different represen- 
tations of the Lorentz symmetry and a local mass term is forbidden 
by symmetry. The chiral couplings to the fermions are asymptoti- 
cally free, opening interesting perspectives for a possible solution to 
the gauge hierarchy problem. We argue that the interacting theory 
for such fields can be consistently quantized, in contrast to the free 
theory which is plagued by unstable solutions. We suggest that at 
the scale where the chiral couplings grow large the electroweak sym- 
metry is spontaneously broken and a mass term for the chiral tensors 
is generated non-perturbatively. Massive chiral tensors correspond to 
massive spin one particles that do not have problems of stability. We 
also propose an equivalent formulation in terms of gauge fields. 



1 Introduction 



Chiral antisymmetric tensor fields offer an interesting perspective for an un- 
derstanding of the scale of weak interactions and a possible solution to the 
gauge hierarchy problem [TJ [2J . The chiral couplings to the quarks and leptons 
are asymptotically free. The scale where they become strong sets a possi- 
ble scale for the weak interactions, similar to dimensional transmutation in 
QCD. Indeed, a first solution of the Schwinger- Dyson equations suggests pQ 
that the strong chiral interactions generate a spontaneous breaking of the 
electroweak symmetry by a top-antitop condensate [3]. In the absence of 
spontaneous symmetry breaking a local mass term for the chiral tensors is 
forbidden by symmetry Therefore no tuning of parameters is required in 
order to obtain massless fields, in contrast to a scalar Higgs field. 

However, the free theory for chiral antisymmetric tensor fields shows un- 
usual features and the question arises if a unitary quantum theory is pos- 
sible. In this note we will argue that the interacting theory can indeed be 
consistently quantized. This requires that the solutions of the quantum field 
equations, which are derived from the effective action, should be stable and 
not grow unbounded with time. The energy density for these solutions has 
to be positive. Furthermore, a consistent quantum field theory has to be 
covariant under Lorentz transformations. 

While such a consistent picture exists for the interacting theory, the free 
theory does not admit a bounded Hamiltonian. The free classical solutions 
show a secular instability. Canonical quantization remains still possible, 
but there is no consistent theory of free particles for all modes of the non- 
interacting chiral tensor field. One concludes that the ground state of the 
interacting theory must be non-perturbative. The free theory is actually on 
the boundary between the region of stability and instability. Therefore the 
interactions play a crucial role in the assessment of the stability issue. 

At the scale where the asymptotically free chiral couplings between the 
antisymmetric tensor fields and the quarks and leptons grow large a non- 
perturbative mass term may be generated [2]. This eliminates the unstable 
secular solutions. If the mass term is positive all linear classical solutions 
of the effective field equations remain bounded. The regular solutions have 
positive energy density. Massive chiral antisymmetric tensor fields describe 
massive spin one particles - the chirons. They have no problem of consistency 
and stability. 

In sect. 2 we introduce the chiral tensors and discuss the symmetries. 
In lowest order of a derivative expansion and neglecting the interactions the 
symmetries admit only a unique kinetic term. We summarize the unstable 
classical solutions of the free theory in sect. 3 and proceed to canonical 
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quantization in sect. 4. The free Hamiltonian operator does not have a 
spectrum that is bounded from below. However, the instabilities are of a 
particular type - the unstable secular solutions actually correspond to the 
borderline between stability and instability. Therefore only the interactions 
will finally decide if the theory is stable and can be consistently quantized 
or not. For the interacting theory a quantization by a functional integral is 
most convenient. We deal with the possible regularizations of this functional 
integral in sect. 5. 

In sect. 6 we turn to the key issue of this paper, namely the stabilization 
of chiral tensors through interactions. We establish in sect. 7 the general 
conditions for the effective (full) propagator which are required for stability. 
We show that a non-perturbative mass term can indeed lead to bounded 
solutions. In sects. 8-9 we address the issue of a positive energy density. For 
this purpose we reformulate the model in terms of vector fields and discuss 
the associated abelian gauge symmetry. In sect. 10 we review the issue of 
non-perturbative mass generation in a model with chiral couplings to quarks 
and leptons in the light of this equivalent gauge theory. In two appendices C 
and D we discuss possible models for chiral tenors in the absence of fermions. 
We present our conclusions in sect. 11. 

2 Action and symmetries 

The antisymmetric tensors /3 M „ = — (5 VIX describe two irreducible representa- 
tions (3, 1) and (1, 3) of the Lorentz group 



In a realistic setting with chiral couplings to quarks and leptons the fields 
j3 ± are complex, transform both as doublets with respect to the weak in- 
teractions and carry the same nonzero hypercharge. A discrete symmetry 
j3~ — * — [3~ forbids a local mass term. (The only mass term allowed by the 
Lorentz symmetry would be of the form (P^Y j3~ '.) We require our model 
to be invariant under this "discrete axial symmetry" Ga- Kinetic terms and 
interactions are allowed by the symmetries. 

Our starting point is a functional integral (with Minkowski signature 




(1) 



(-,+,+,+)) 
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The unique invariant kinetic term 



■kin 



d„{(3 + ^8 v (3 +v p + 8^/3-^8,(3 



— V 



p 



(3) 



has been discussed previously in jl], [3], pQ. We emphasize that the ki- 
netic term does not admit an additional abelian gauge symmetry where (3^ v 
transforms inhomogeneously as a gauge field. In this sense the chiral ten- 
sors should be associated to bosonic matter fields. The term Ci nt accounts 
for the possible interactions with fermions and for quartic self-interactions 
which will be specified in sect. 6. 

The functional integral approach permits an easy control of the Lorentz 
invariance - this follows simply from the Lorentz invariance of the action Sm 
and the (postulated) Lorentz invariance of the functional measure j T>(3. On 
the other hand, the unitarity of a quantum theory based on the functional in- 
tegral ([2D is less obvious. This requires the identification of a Hamiltonian H 
in the operator formalism which is defined in terms of appropriate operators 
Qa, Pa such that the quantum system is equivalent to the functional integral 

([2]). Hermiticity of H and the boundedness of H from below guarantee then a 
consistent unitary time evolution. We will propose that a Hamiltonian with 
suitable properties exists for the interacting theory. It is absent for the free 
theory. 

It is convenient to work directly with the unconstrained three component 
irreducible representations of the Lorentz group . They are related to f3^ v 




In momentum space the kinetic term reads (Q: four-volume) 




with (k, I, j — 1 . . . 3) 

p ki = ~(<?o + + ZqkQi ~ 2ie klj q q j . (6) 

The inverse propagator obeys the relations (q 2 = q^q^) 




P*M = Pk(q) 
and (g M = (q Q , q) , q^ = (-q Q , q)) 



(7) 





Clearly P is invertible, P 1 



= Q 



4 P* (in a 3 x 3 matrix notation). 
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3 Free chiral tensors 

Let us first concentrate on the free theory and show where the problems for 
quantization arise. We begin with the classical theory and start from the 
Lagrange density (jSJ) for the field B k in coordinate space 

£ = d Q Bld Q B k + ie m {doBld j B l -d B k d j B^) 

+8^18^ - 2d k B* k d l B l . (9) 

(We omit the index "+" - the discussion for B k can be carried out in complete 
analogy.) The canonical momenta are 

8C 

Uk = 8(8 B*) =d ° Bk + ie kij d j B i 
d£ 

Wk = d(dM =doBl ~ UklAB! (10) 
and the classical Hamiltonian reads 

H = J d 3 x{U* k d B k + U k d B* k - £} 

= j d 3 x{U* k U k + ieujiUl^Bj - U^B*) + d^d^}. (11) 

Here we use £ = H* k H k — d k BldiBi (up to a total derivative). We note the 
unusual mixed term ~ U*B and the particular form of the space derivatives. 

In momentum space the Hamiltonian becomes a sum over independent 
momentum modes B k (q) 

H = I^Lh 



(2tt) 3 q ' 

hf = Ul(mk(q) + m kj {Ul(q)BM+B*(q)Uk(q)) 

+q k qiBl(q)B l (q) (12) 

and we can therefore discuss each momentum mode separately. Without loss 
of generality we may use q± = q 2 = , q 3 = q > such that 

h = n*n fe + ^n*^ - tf 2 b x + b*^ - 5*n 2 ) + <i 2 b;b 3 . (13) 

The classical field equations 

■ dh ■ dh 

B k = ^,Tl k = -— (14) 



read 



b 3 = n 3 , ri 3 = -q 2 B 3 , 

B x = III + qB 2 , 111 = gIT 2 , 

£? 2 = Tli-qBx , il 2 = -gni (15) 

or 

ih + g 2 5 3 = , 

B x - 2qB 2 - tfB x = 

B 2 + 2qB l - q 2 B 2 = 0. (16) 

For 

bf = (Bx ± iB 2 )/V2, bt = (Bx t iB 2 )/V2 , b 3 = B 3 (17) 
the field equations decouple 

b\ + 2iqbx - q% = , 

b 2 - 2iql 2 - fb 2 = 0. (18) 

Only the longitudinal mode 63 = B% has standard field equations, whereas the 
evolution of the transversal modes bx, b 2 is of an unusual type [Hj. As we will 
see the classical solution for these modes has a "secular" instability growing 
linearly with time. For this reason the modes &i i2 have been discarded ad hoc 
in [6]. In this note we will discuss later how interactions prevent the secular 
growth. 

Just as for the Hamiltonian, we could decompose the Lagrangian into 
a sum of independent modes (S — J dt J(dq/2ir) 3 C^j and choose the basis 
h(q) 

£q = d bld b k + q 2 (blbx + b* 2 b 2 -b;b 3 ) 

+iq{d btbx - bldobx - d b* 2 b 2 + b* 2 d b 2 }. (19) 

The canonical momenta iik conjugate to bk are 

7T3 = h , TTx = bx + iqbx , n 2 = b 2 - iqb 2 (20) 

and it is obvious that the system is unconstrained, i.e. we can solve for bk in 
terms of 7ik and The Hamiltonian becomes now a sum over independent 
modes 

h = 7r*7Ti — iq(nlbx — 6*7Ti) 

+7T27r 2 + iq(-nlb 2 - b* 2 -n 2 ) + 71-3^3 + q 2 blb 3 . (21) 
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The relation between 7r and II is the same as between b and B, tti — (Hi + 

ffl 2 )/V2,7r 2 = (n!-in 2 )/V2. 

Let us restrict the discussion to 6i,7Ti and use the familiar notations 

h =Q,7Yi = P, 

h 1 =P*P-iq(P*Q-Q*P). (22) 
Of course, the field equation is the same as eq. ffTSl) 

Q = P-iqQ , P = -iqP , 

g + 2iqQ - q 2 Q = 0. (23) 

It has the general solution 

Q = (Qo + Pot)e-^ , P = Poe~^ (24) 

where we distinguish a "regular solution" with a unique frequency for Pq = 
from the "secular solutions" for which the amplitude of Q grows with time 
(Pq 7^ 0). Inserting the solution (1241) into h yields the "on shell Hamiltonian" 

h = P *P - iq(PSQo ~ PoQD- (25) 

It vanishes for the regular solution and may take positive or negative values 
for the secular solutions (Qo = (Qro + iQio) / V%, Po = (Pro + iPjo)/V^) 

hi = \{(qQ R o - Pio) 2 ~ fQm + (qQm + Pro) 2 ~ ?Q%}. (26) 

We conclude that there are classical solutions of the free theory for chiral 
tensor fields that are not bounded. Also the energy is not bounded from 
below as can be easily inferred from eq. ( 1261) . 



4 Canonical quantization for chiral tensors 

The Hamiltonian ( J22l) still involves complex degrees of freedom Q, P. It 
therefore describes a system with two real degrees of freedom Q a , P a ,a = 
R,I = 1,2 

Q = (Qr + iQi)/ V2 , P = (P R + %Pi)l V2, 
h = l{P% + P?) + q{P R Qi-PiQ R ) 

= \p a P a + qt aP P a Qp. (27) 
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At this point we may proceed to canonical quantization. We choose first 
a normalization adapted to discrete momenta and replace Q a , P a and h by 
operators Q a , P a , h. They obey the commutation relations 

[Qa, Pfs] = lS a p , [Qa, Qfl] = [Pa, Pfi\ = 0. (28) 

In the Heisenberg picture the operators depend on time and the commutation 
relation ( 128]) holds for arbitrary (equal) time. The time evolution 

—Q a = i[h, Q a ] , -P a = i[h Xi P a ] (29) 



k = \p a P a + qe aP PaQp (30) 



reproduces for 



the same form as the classical equation (1231) . We observe that there are no 
constraints acting on the Q a ,P a such that the canonical quantization (I28p 
is straightforward. The same holds for the modes 62 and 63 (and similar for 
Bfr ) with the only difference concerning the form of the relevant Hamiltonian 
hk. (For b 2 one replaces — > —q and for 63 one has a harmonic oscillator 
h 3 = \P a P a + \q 2 Q a Qa-) We may also switch to the Schrodinger picture 
and introduce a Hilbert space with wave functions ip(Q a ) or ip(P a ). As usual, 
one may define annihilation and creation operators (q = ytp) as 

1 / i * \ 1 * i 

q q (31) 

and span the Hilbert space from the eigenstates of the occupation numbers 
However, the Hamiltonian for the modes b\ 2 is not a harmonic 
oscillator. For bf it rather reads 

q 1 

hi = 2 { a l a » + a a a a ~ ~(a a a a + a j a a j a ) + 2ie a(3 ala f3 }. (32) 

Therefore the occupation number eigenstates are not eigenstates of hf. This 
indicates already that a standard interpretation in terms of free particles will 
not be possible. 

How do the unbounded secular classical solutions (124p manifest them- 
selves in the quantum theory? We first note that the Hamiltonian hi ( 1301 
can be written as a sum of two commuting pieces 

hi — hp + Km , hp = -P a P a , Km = qtapPaQp , [hp, Km] — 0- (33) 
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Let us consider a wave function that is an eigenstate of hp, 



W = |Pofty (34) 

and investigate the action of h M . We may work in a Fourier-type represen- 
tation where 

d - d 

Pi = x , P 2 = y , Qi = i^- , Q2 = i-w-. (35) 

ox ay 

Using polar coordinates 

r 2 = x 2 + y 2 , ip = arctg— (36) 

y 

one obtains Km = —iqd/dtp. The stationary wave functions therefore obey 

1 - d 

hp?P = -r 2 ip = \P \ 2 ip , h M ip = -iQ-Q^ = e 2^- ( 37 ) 

With ip ~ e * m ^ ; m integer, we obtain €2 = mq and the spectrum of hi reads 

M = (\Po\ 2 +mq)ip. (38) 

Comparing with eq. ( |25l) we see that the regular solution corresponds to 
I Pol 2 — and therefore also m — , = 0. For the secular solutions 
Pq 7^ the spectrum of the free Hamiltonian is not bounded since m can be 
an arbitrarily large negative integer. Indeed, we may also interprete h\ (IHUj) 
in terms of momentum and angular momentum in the two-dimensional space 
spanned by Qi, With L = Q\Pi — Q2P1 this yields 

h x = ii 32 - qL (39) 

and the unboundedness of h± arises from the unboundedness of L. 

We conclude that the free theory for chiral tensors can be quantized but 
does not lead to a Hamiltonian which is bounded from below. Correspond- 
ingly it has unstable solutions. Nevertheless, this instability is of a very 
particular type. The free theory contains neither ghosts nor tachyons. In 
a certain sense it is on the boundary between stability and instability. We 
demonstrate this by two comments. 

(i) Negative energy occurs for q 7^ 0. For q = one finds a bounded 
Hamiltonian (!3"9l . The corresponding classical solution Q = Q + P t 
still shows the secular increase with time but the on-shell Hamiltonian 
hi = I Po| 2 (J25J) is positive semi definite. For a massive particle we could 
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always go to the rest frame (q = 0) where one finds positive energy. 
Positivity of the energy would then be guaranteed in any arbitrary 
inertial system. In our case only the massless dispersion relation uo = q 
invalidates the use of the rest frame. We conclude that the boundedness 
properties may be very different in presence of a mass term, even though 
the latter may be tiny. 

(ii) The boundary property of the secular solution is well known in classical 
mechanics. For m'x + ex = one finds stable solutions x ~ e %l ^ t + L P) ; uj = 
\fejm for e < whereas an instability x ~ xie 7 * +X2e~ 7 *, 7 = a/— e/m, 
occurs for e < 0. The case e < corresponds to the typical exponential 
instability in case of ghosts or tachyons. At the boundary between 
stability and instability, i.e. for e = 0, one has the secular solution 
with linear increase in t, x = xq + v$t. We conclude that already a very 
small perturbation as a tiny positive e can change from the unstable 
secular solution to the stable solution. 

We will argue below that in presence of the interactions the Hamilto- 
nian is well behaved and the system becomes stable. In this case one can 
proceed to canonical quantization similar to eq. (I28p without further prob- 
lems. Of course, the interactions couple the different momentum modes 
and we have to consider now the properties of the whole Hamiltonian. The 
canonical quantization rule fl28l) is easily carried over to operators Qka,Pka 
representing the real and complex parts of B k and 11^ ffTUl) . respectively, i.e. 
B k -> -j^(Qki + iQk2), n fc -> ^= (Pfei + iPki)- (In addition, all operators 

Q,P carry a momentum label that we have not written explicitely here.) 
The commutation relations 

[Qka 1 Pip] = , [Qkai Qlfi] = [Pka, Pip] = (40) 

are invariant under space rotations and therefore hold for an arbitrary direc- 
tion of q. Operators for different momenta q^q' commute. We now switch 
to the usual continuum normalization and introduce indices s = (+, — ) = 1, 2 
for B + , B~ and u — 1, 2 for the two isospin components. This yields the com- 
mutation relation 

IQZ(0), PW)\ = ^™4*M27r) 3 5(g - q') (41) 
or, in coordinate space 

[QZ(x) , JPgf (#] = i5 st 5 w 8 kl 5 a p5{x - y). (42) 

As usual one has [Q&, Qg] = [P&, Pp) = with a, (3 collective indices. 
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The Hamiltonian becomes (cf. eq. (jlip ) 

H = Hp + Hq + Hm + H mt (43) 



with 



H M = J ^KeujqkPZMQZ® (44) 

where k = 1 for s = + and k — — 1 for s — — . Again, in the Heisenberg 
picture the operators Qait) and P§(t) depend on time and obey at equal time 
the commutation relation (T4~2l . It is easy to check that the time evolution 
equations 

-Q & = i[H, Q & ] , -P & = i[H, P & ] (45) 

take the same form as the classical field equations (e.g. eq. (lT5l) )for the 
corresponding replacements. 

If the interactions can cure the instability nothing prevents us to quan- 
tize the system according to eq. (T4T]) . What remains to be shown is the 
consistency of this quantization with the Lorentz symmetry and the corre- 
spondence with our definition of the quantum field theory by a functional 
integral. Reconstructing the functional integral can be done in a standard 
way. We start with the commutation relation f j42|) and the Hamiltonian 
( T4l)]) . Using the Heisenberg picture for the operators the construction of the 
functional integral proceeds in the standard way [7]. We require that the 
Hamiltonian involves at most two powers of P and the quadratic term Hp 
is positive definite. Therefore the Gaussian integration over the p-variables 
can be carried out explicitely. The result is indeed a functional integral with 
the action 

The direct proof of the Lorentz-symmetry of the quantum system given 
by the Hamiltonian fT4H|) . fj4*4l and the commutation relations fj4Tl) or (142 p 
may get rather involved. Fortunately, we can use our findings for an indirect 
argument. We know already that the time evolution equations in the Heisen- 
berg picture (145!) have a Lorentz-covariant form. This follows from the fact 
that they have the same form as the classical field equations which are de- 
rived from an extremum condition for a manifestly Lorentz invariant action. 
More generally, we have seen that our quantum system can be described 
by a functional integral which is Lorentz-invariant provided the functional 
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measure preserves the Lorentz symmetry. Indeed, the action is Lorentz- 
invariant and a Lorentz-invariant measure (or regularization with a Lorentz- 
invariant continuum limit) means that this symmetry has no anomaly. Then 
all Greens-functions - propagators and vertices - are Lorentz covariant. This 
is all we need. Obviously, it is much easier to establish the Lorentz symmetry 
on the functional integral level than in the Hamiltonian formalism. 

5 Regularization of the functional integral 

This almost concludes our demonstration that a consistent quantization of 
interacting chiral antisymmetric tensor fields is possible provided the problem 
of the unstable solutions can be cured. The only issue that we have not yet 
addressed concerns the regularization of the functional integral. This issue 
is similar in some respects to the regularization problem for chiral fermions. 
Dimensional regularization needs a prescription how to continue e Mlyp(J to 4 — e 
dimensions. Pauli-Villars regularization is not possible due to the lack of a 
local mass term consistent with the symmetries. Lattice regularization needs 
to recover Lorentz symmetry in an appropriate continuum limit. The most 
straightforward way seems to regularize the Euclidean functional integral 
which obtains by analytic continuation. In the absence of gauge interactions 
one may simply employ an ultraviolet cutoff for the momenta, q 2 < A 2 . 

Also the ERGE-regularization based on exact functional flow equations 
[8] seems very appropriate. For this purpose it is sufficient to write down an 
effective infrared cutoff which is consistent with all symmetries. As an IR- 
cutoff term we may use the structure (EJ) multiplied with (k 2 /q 2 )f(q 2 /k 2 ) with 
/(0) = 1 and f(q 2 oo) decreasing fast, e.g. exponentially / ~ exp(— q 2 /k 2 ) 
of / = (1 — q 2 /k 2 )6(k 2 — q 2 ). For q 2 —>■ the cutoff acts like a nonlocal mass 
term, providing an effective mass ~ k to the chiral tensors. The flow describes 
the change of the effective action as k is lowered towards zero. Since the flow 
equations are both ultraviolet and infrared finite the regularization has only 
to specify the initial value of the flow at some high momentum scale k = A. 
(Implementing properly the anomalous Ward identities in presence of a cutoff 
the ERGE-regularization can also be extended to gauge theories.) 

The analytic continuation to a Euclidean functional integral needs some 
care. In fact, with respect to the Euclidean rotation group 50(4) the irre- 
ducible antisymmetric tensor representations (3, 1) and (1, 3) are real and not 
complex conjugate to each other as for the Lorentz group 5*0(1, 3). (With eu- 
clidean signature the complex conjugate of the representation (3, 1) is equiva- 
lent to (3, 1). This situation is completely analogous to chiral fermions where 
for a Minkowski signature the representations 2l = (2, 1) and 2r = (1, 2) are 
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complex conjugate to each other whereas they are pseudoreal for euclidean 
signature.) More in detail, the euclidean irreducible antisymmetric tensor 
representations are given by 

P^ = \^±\^P<g*- (46) 

This reflects that the analytic continuation from Minkowski to euclidean sig- 
nature also includes a "continuation" of the totally antisymmetric invariant 
tensor e^ vpa — > —ie pvpa . The euclidean invariant kinetic term 

42 = - wn%p» ( 47 ) 

obtains from eq. ([31) by multiplying all objects with upper zero-index by i, 
the ones with lower zero- index by —i, as well as an overall minus sign. We 
note that C ki ^ is not positive definite, in accordance with our discussion of 
the unboundedness of the free theory. 

We can again write the kinetic term in a form similar to eq. (J3J) 

42 = -{d^ +,xp dui3 + % + (48) 
where j3 + is now related to the complex conjugate of (3~ 

P% = , K = (/£ ) f - (49) 

This definition ensures that (3 + and (3 + belong to inequivalent representations 
of £0(4). With the prescription ((3t v )^ — > Pt v — (PuvY (and similar for 
(P^i/V) a ^ pieces of the action can be taken directly over to the euclidean 
signature (with the appropriate overall minus sign). This also holds for the 
interactions discussed in the next section. For the coupling to fermions one 
has to use the euclidean 7-matrices 7^ = i^° M - 

One may notice that local mass terms ~ (/3 + )*/3 + are now consistent 
with the gauge symmetries and euclidean SO '(4) rotations. Such mass terms 
being forbidden for Minkowski signature one may wonder if there exist cor- 
responding symmetries for euclidean signature that would be violated by a 
mass term. In Minkowski space the discrete axial symmetry Ga could be 
extended to a continuous axial U(1)a symmetry [2]. In this case we can 
easily find a corresponding symmetry that forbids local mass terms in eu- 
clidean space, namely axial scaling (3+ u (xfiuvifiuv ~^ fiu~v/ a with real a. 
The kinetic term and the coupling to fermions are invariant under axial scal- 
ing. However, the self interactions of the chiral tensors violate the U(1)a 
symmetry in a realistic setting. Finding the analogue of the discrete Ga- 
symmetry for euclidean signature is not easy. Such a symmetry should allow 
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an invariant (/^L/?^) 2 , while f3j iu f3 fiu should not be invariant. In Minkowski 
space the combination ^ f3^ v has odd G^-parity. With euclidean signature 
no linear transformation in the 24-component real vector-space spanned by 
f3^ v can change the sign of (3j iu (3 fll/ since this invariant corresponds to the 
squared length of a vector and is therefore positive definite for all possible 
transformed vectors. 

Despite the difficulty of finding the explicit euclidean analogue of the G A - 
symmetry no local mass term will appear in the euclidean effective action. 
Quite generally, the possibility of analytic continuation forbids all terms in 
the effective action for which the continuation to Minkowski signature would 
violate the G^-symmetry of the action in Minkowski space. One may easily 
check explicitely that no local mass term is generated in one loop order. 
These remarks conclude our general discussion of the quantization of chiral 
antisymmetric tensor fields. 



6 Stabilization through interactions 

Let us now turn to the central issue of this paper, namely the investigation 
of the stability problem in presence of interactions. We first add to the 
Lagrangian a piece describing the chiral interactions of antisymmetric tensors 
to quarks and leptons 

- C ch = u R Fuf3+q L - q L Fl p + u R 
+d R F D (3-q L - q L FjjP_d R 
+e R F L P-h - l L FlP-e R . (50) 



Here we use 



1 1 1 + ■y 5 

n n± van n ran n I 



2' mn 2' =t i~ -l. 2 

1 

1 



P+ = -0ir 2 , P + =ir 2 p + , (51) 

with a^ n = |(1 ±7 5 )(T mn , a mn = f[7 m ,7 n ] and $ = ipW, D = 7 °, 7 5 = 
— 27°7 1 7 2 7 3 , ipL = |(1 + 7 5 )V'- The transposition f3 T and r 2 act in weak 
isospin space, i.e. on the two components of the weak doublet /3+ n . 
In terms of the fields one has 

P + = -2B+a k +) (3. = -2B~a k _, 

p + = -2Bpa k L , ^ = -2B~*a k + , (52) 
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with ai defined in terms of the Pauli matrices 




T k 





) 





T k 



k 



) 



(53) 



The interaction ( 1501) is the most general one with dimension four and re- 
specting Lorentz and electroweak gauge symmetries. It automatically obeys 
the G^-symmetry, and more generally, is invariant under a continuous ax- 
ial [/(l^-symmetry. The chiral couplings -F^d.l are dimensionless 3x3 
matrices in generation space. 

The other possible interactions with dimension four are self-interactions 
for the chiral tensors. The most general quartic interactions consistent with 
the discrete Ga symmetry can be written as 



= "J [(S+)tS+] [(B+)tB+] + (+--) 
+ri[(B^B-] [(Bf)tS+] 
+T 2 [(5+)tfS fe -] [{B^fBt] 
+ T i[{B + k ) ] B k ] [(B^B-]+c.c. 

+ T im) ] Bi] [(B^B-] + c.c. 

+^m^B-][(B^B-} + c.c. (54) 



The couplings Tj are dimensionless. We observe that the classical action (j2J), 
with Li n t = £ch + exhibits no coupling with dimension of mass and is 
therefore invariant under classical dilatations (scale transformations). 

We now argue that the fluctuation effects due to the interactions may 
indeed drastically change the issue of stability and could lead to a stable 
theory. The fluctuation-stabilization of a theory that would be unstable in 
the absence of interactions is a well known effect. The simplest example is 
the scalar <£> 4 -theory with a classical Lagrange density 



For /i 2 < the free theory (i.e. neglecting A) is unstable with a tachyonic 
inverse propagator ~ q 2 + yU 2 . In presence of interactions (A > 0) the renor- 
malized mass term in one loop order becomes jj? R = fi 2 + cAA 2 with A a 
suitable ultraviolet cutoff (e.g. by a lattice regularization) and c a positive 
constant. For any finite A there is range of negative /j? where the free theory 
is unstable while the interacting theory is stable due to a positive ^ 2 R . No 



1 A 1 



(55) 
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condensate (nonzero expectation value (<p)) occurs in this case. One could 
have a naive expectation that for small A the interactions play a role only 
for large field values and therefore the instability of the free theory suggests 
the occurrence of a condensate. This argument is obviously not valid. 

For chiral tensors the issue is more involved since the instability of the free 
theory is not due to a negative mass term. Unbounded negative eigenvalues 
of the free Hamiltonian occur now for large (spacelike) momenta q 2 . This 
time a naive expectation could guess a spontaneous breaking of translation 
symmetry in case of fluctuation stabilization, due to the dominance of modes 
with large q 2 . We will argue that this is not the case and suggest that the 
fluctuation-stabilization of our model rather occurs through the generation 
of a "nonlocal mass term" . 

The secular instability of the classical theory arises from solutions with 
q 2 = 0. In an Euclidean framework we therefore have to deal with an infrared 
problem, despite the observation that the most negative eigenvalues of the 
free Hamiltonian occur for large spacelike momenta q 2 (for fixed L in eq. 
(159]) ). We will have to address the question if the pole in the propagator at 
q 2 = subsists in the interacting theory. One possible way of stabilization is 
a shift of the location of the pole to a negative nonzero value — m 2 . We will 
see that this can cure the instability of the free theory, even though m 2 may 
be tiny as compared to a typical ultraviolet cutoff scale. 

In the presence of interactions the investigation of the possible eigenvalues 
of the Hamiltonian becomes very complicated in the operator formalism. For- 
tunately, the question of stability can be directly addressed in the functional 
integral formulation. For this purpose, one needs to compute the effective 
action by integrating out all quantum fluctuations. Then the quantum field 
equations obtain from a variation of the effective action. They are exact. An 
instability of the theory will now show up in the appearance of solutions of 
the quantum field equations where fluctuations around the assumed ground 
state grow with time. A first step is the restriction of the effective action 
to terms quadratic in the fields. If the time evolution of the corresponding 
solutions remains bounded the linear theory is stable. 

We emphasize that already on the linear level the solutions of the effective 
field equations may behave very differently from the solutions of the classical 
field equations. In fact, a bounded Hamiltonian guarantees the stability of 
small fluctuations around the ground state. However, this is not a necessary 
condition and linear stability could be realized also for unbounded Hamilto- 
nians - an example are ghosts in the absence of interactions. Inversely, linear 
stability is not sufficient to guarantee the boundedness of the Hamiltonian. 

In practice, a full proof of the boundedness of the Hamiltonian in presence 
of interactions with fermions is typically quite difficult. As for most investi- 
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gations in other models we will be satisfied here with the somewhat weaker 
criterion of "nonlinear stability" . We require that all small fluctuations have 
a bounded time evolution and positive energy as compared to the assumed 
ground state. 

As a first step we integrate out the fermions. This yields a mean field 
theory (MFT) effective action which only involves the chiral tensors. In 
particular, the inverse propagator can be computed explicitely in the MFT- 
approximation. It differs from the classical inverse progator Pki{q) by a wave 
function renormalization 

P+(q) = Z + {q 2 )P kl {q) , P^q) = Z_{q 2 )P* kl {q)- (56) 

Keeping only the chiral coupling of the top quark f t nonzero one finds 

Z + (q 2 ) = l + ^~ 2 \n^ (57) 

where we have chosen a normalization with Z + (A 2 ) = 1 for some suitably 
chosen ultraviolet cutoff scale A. Already at this stage we find an important 
modification of the infrared behavior. Since Z + (q 2 ) diverges for q 2 = the 
chiron propagator has no simple pole at q 2 = anymore. 

Furthermore, the fermion fluctuations induce nonlocal quartic interac- 
tions between the chiral tensors at the MFT-level. Indeed, a typical fermion 
loop contribution to a quartic vertex with two external momenta q and two 
momenta zero is shown in fig. 1. For q 2 — > it diverges ~ ln(A 2 /g 2 ). This 
also demonstrates the importance of the interactions for the stability prob- 
lem in a drastic way. For any finite amplitude B of a tensor-fluctuation the 
interaction-contribution to the MFT-field equations grows to infinity as we 
approach the on-shell condition q 2 —>■ 0. Higher order interactions typically 
grow even with inverse powers of q 2 . 

In principle, one could use the MFT-effective action for the quantization 
of the remaining theory containing only the bosonic chiral tensors. In prac- 
tice, this is not viable, but a discussion sheds light on the general structure 
of the problem. It is obvious that the Hamiltonian of such a model would 
be a highly complicated object, with properties quite different from the free 
Hamiltonian (1391) . Due to the infrared divergences of the fermion loops it is 
not possible to consider the MFT-Hamiltonian as a small perturbation of the 
free Hamiltonian, even though the chiral coupling f t may be small. In the 
operator language the difference between the Hamiltonians arises since the 
ground state energy of the fermionic oscillators depends on the state of the 
chiral tensors, thus inducing an effective Hamiltonian for the chiral tensors. 
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Figure 1: Effective quartic vertex for chiral tensors in MFT- approximation. 

7 Conditions for stability 

Taking also the bosonic fluctuations into account it seems likely that the 
interactions do not diverge on-shell (in contrast to MFT). The stability of 
small fluctuations is then determined by the properties of the effective prop- 
agator. The propagator will be further modified by the bosonic fluctuation 
effects and a reliable computation is not easy. We discuss in this section 
the most general form of the inverse propagator which is consistent with the 
symmetries. It is specified here for the electrically charged fields B + and B~ 
(± refers here to chirality, not to electric charge) 

p( n \ _ ( z +(q 2 ) p ki(q) , vi(q 2 )hi \ r , s x 

F[q) ~ { ^(q 2 )5 kl , Z_(q 2 )PMj- (58) 

Our aim will be to derive criteria for Z± and /z| for the theory to be stable. 
We note that nonvanishing fij(q 2 ) indicate the spontaneous breaking of the 
(■^-symmetry, since such "mixing terms" would be forbidden otherwise. If we 
neglect decays of unstable chiral tensors the wave function renormalizations 
Z± are real and \xi = /i*. 

We first consider fij = such that the field equation for infinitesimally 
small fluctuations reads 

Z + (q 2 )P kl (q)B l (t,q) = 0. (59) 

Here we work in momentum space for the spacelike momenta q, while q^ is 
interpreted as a differential operator 

q^H^q) (60) 
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such that eq. (loT?l) is a higher order linear differential equation. We may 
again use the linear combinations bi } 2 for which P^i reduces to (go ± |g) 2 , cf. 
eq. ( TTBl) . For solutions of the type bj ~ e iqot we encounter two possibilities, 
either g = ±|g| or g 2 = — q 2 + (f = —m 2 corresponding to a zero of Z + (g 2 ). If 
Z + (q 2 ) has at most simple zeros, the secular solutions beyond the exponential 
ansatz can only arise for q 2 = 0. In particular, as long as Z + (q 2 — > 0) remains 
finite we find solutions with g 2 = which have the same secular instabilities 
as for the free theory. A stable theory therefore requires that Z + (g 2 ) diverges 
for g 2 — > 0. Furthermore, instabilities occur unless all possible zeros of Z + 
at g 2 = — m 2 have positive real m 2 . 

Let us look for the conditions of existence of secular solutions in more 
detail. Defining (q — \q\) 

D± = -i^±q (61) 

the field equation for b\ reads 

Z + (-D + D_)D 2 + bi = 0. (62) 

We consider the ansatz 

h(t) = (co + c 1 t)e- i <3- e * (63) 

and take the limit e — > at the end. For c\ = one has f(D + )bi = f{e)b\, 
f{D_)b x = f(e-2q)b u Z+{-D+D_)D\b x -> Z + (2qe)e 2 b 1 . Our ansatz corre- 
sponds to a solution provided limZ + (2ge)e 2 = 0. This means that solutions 

with g 2 = exist unless Z + (q 2 ) diverges ~ 1/g 4 for g 2 — > or stronger. 
Similarly, secular solutions with c\ ^ exist if Z + (g 2 ) diverges less fast than 
1/g 2 . In particular, if the interactions could be neglected, the quadratic part 
in the MFT-effective action would still generate secular solutions. For the 
particular case Z + ~ 1/g 2 one finds plane wave solutions with g 2 = for b\ 
and 62 whereas no solutions for 63 with g 2 = exists. 

The situation remains qualitatively similar in presence of spontaneous 
G^-symmetry breaking for /ii = /j, ^ 0. The field equations for B + and B~ 
are now coupled 

P(q) ( 5- ) = 0. (64) 

We have to determine the momenta for which at least one eigenvalue of P(q) 
vanishes. We will choose the momentum frame g M = (go, 0, 0, q) and the basis 
bf in field space ( 1T71) . using b± = b 2 ,b 2 = b~{ ,b 3 = b 3 the inverse propagator 
is block-diagonal and the field equations read in the subspaces spanned by 
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(65) 



A sufficient condition for a vanishing eigenvalue of is given by det Pk(q) = 
0, with 

det P h {q) = Z + {q 2 )Z„{q 2 )q 4 - Hq 2 )\ 2 . (66) 
(We assume here fj, 2 = /!*.) If we exclude the accidental case lim Z + Z^ = 

|yU | 2 /? 4 , the r.h.s. does not vanish for q 2 — > 0. Then detPfc(g) can have 
zeros only for q 2 ^ 0. We will call the zeros of deti\ the regular solutions. 
If these would be the only possible solutions plane waves with q 2 = would 
be excluded for all ji ^ 0. Let us denote the location of the regular solutions 
by q 2 = —m 2 - If all m 2 are real and positive the solutions for linear fluctua- 
tions are stable. This situation corresponds to massive particles with masses 
rrij. Indeed, deti\(g) actually only depends on q 2 and all small fluctuations 
obey the standard dispersion relation q 2 = q 2 + m 2 . Since det Pk(q) does 
not depend on k its zeros are also independent of k. Each zero has three 
eigenvectors, one for every k. We will see that they describe massive spin 
one particles. 

A simple example for stable regular solutions is a nonlocal mass term 

2 

Z ± (q 2 ) = l + ^, (67) 

provided m 2 + m 2 _ > | /x | 2 , /x = const., > 0. On the other hand, whenever 
Z + Z_q 4 reaches zero for q 2 — > (e.g. in case of a finite limit Z ± (q 2 — > 0)) 
one finds an instability. Since for real q 2 one has det Pk(q 2 = 0) = — | /x 1 2 < 
and deti\(g 2 — > +oo) — > q 4 > 0, continuity implies that there must be a 
zero at q 2 > 0, corresponding to a tachyon. Finally, we note that it is also 
possible that Z + Z^q A diverges for q 2 — > and no zero eigenvalue of det Pk(q) 
exists for any q^. Then there are no regular solutions describing propagating 
particles. 

In general, also additional solutions beyond the regular ones can exist. 
Indeed, if Z± diverges for q 2 — > one can have zero eigenvalues of even 
if det Pk 7^ 0. An example is the previously discussed case /i — 0, Z± — 
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1 + m\/q 2 . For g 2 — > one finds det = m;j_m 2 , while we have found above 
zero eigenvalues of Pk for go = ±9> i>e. g 2 = 0. For the zero eigenvalue for 
bi at g = —Q the second eigenvalue for diverges, such that the product 
of the two eigenvalues remains constant. We will call the zero eigenvalues 
of -Pfc(g) which occur for detP fc (g) ^ the special solutions. If Z±(q) (and 
//(g)) are finite functions for all g 2 ^ the special solutions can only occur 
for g 2 = 0. For this issue it is therefore sufficient to investigate the behavior 
of Pk in the limit g 2 — > 0. 

Let us consider the non-local wave function renormalization (1671) and 
/x(g 2 — > 0) = fi . Without loss of generality we take /i real and we exclude 
the special case m 2 + m 2 _ = /Xq. With 
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it is obvious that no special solutions exist for 63. The situation is different 
for the transversal modes b\£ where 
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whereas for the eigenvalues of P2 the role of m 2 + and m 2 is exchanged. 

Let us take for Ai the limit go — > —g. The first term in the square root 
diverges and we can expand in powers of Mo(?o + <?) 
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(71) 



We observe indeed a vanishing eigenvalue for g = — g. The other eigenvalue 
Ai_ diverges. The eigenvector to A 1+ becomes purely bf since mixing with b^ 
vanishes ~ yU (go + g)/(2go^ 2 _)- The role of bf and b% is exchanged for g = g: 
now 63 admits a plane wave with g 2 = whereas the inverse propagator for 
b^ diverges. Also the role of m 2 + and m 2 are exchanged, according to the 
limiting behavior for go — > q 
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(72) 
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The situation in the sector b^, bj is similar. 

In summary, we find plane waves with q = —q for bf and b^ , whereas 
plane waves with qo = q exist for b\ and b%- This is precisely the same 
situation as for /x = 0. Similar to the case /x = the special plane wave 
solutions are not allowed anymore if Z± diverges for q 2 — > as strong as 
q~ A or stronger. For Z±(q) ~ {q 2 )~ a plane wave solutions with q 2 = exist 
for the range < a < 2. No secular solutions exist for this range. (This 
differs from /x = where secular solutions exist for a < 1.) The special 
plane wave solutions for q 2 = are always bounded. If the regular solutions 
are bounded the linear stability remains maintained in presence of possible 
special solutions. 

The condition for linear stability can now be formulated in a simple way: 
it is necessary and sufficient that all zeros of det Pk{q) occur for negative real 
values of q 2 . In particular, this necessitates Z + Z_q 4 > |/x| 4 for all real values 
q 2 > 0. Beyond linear stability we will next have to address the question 
if the regular solutions of eq. (I64I) with q 2 = —m 2 and the possible special 
solutions with q 2 = have a positive energy density. As a convenient way 
to discuss this question we couple our model to gravity in a standard way 
and extract the energy momentum tensor by variation with respect to the 
metric. This allows us to make use of field transformations in the effective 
action and to investigate the energy density for the transformed fields. 

Before entering this discussion we should stress, however, that massless 
charged particles are inacceptable phenomenologically even if they are stable. 
Presumably this implies that no linear solutions with q 2 = should existQ. 
This typically requires that the infrared singularities should be even stronger 
than the one in eq. ( 1671) . For example, an increase of Z±{q 2 ) in the extreme 
infrared for q 2 — > of the type Z± ~ (q 2 )~ 3 or Z± ~ q 2 /\q 2 \ 3 would remove 
the solutions with q 2 = 0. Regular solutions corresponding to massive spin 
one particles remain possible in this case. One could also have a wave function 
renormalization of the type Z± = 1 + b/(q 2 ) 2 for which no solutions of the 
field equations exist at all. In this paper we will not investigate the extreme 
infrared limit and simply assume that the field equations admit only regular 
solutions. We will mainly use the explicit form f[6"Tj) but we emphasize that 
actually only the behavior of Z± in the vicinity of the poles of the propagator 
at q 2 = —m 2 is actually needed. We also recall that in the presence of decays 
the inverse propagator is typically not analytic in the complex go-plane. 

-'^As a more remote possibility the modes with q 2 = may not correspond to particles 
for other reasons. 
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8 Formulation in terms of gauge fields 



In sect. |9]we will establish the positivity of the energy density for the regular 
solutions with a nonlocal mass term (1571) . We will find that massive chiral 
tensors correspond to massive spin one fields. It is therefore natural to look 
for an equivalent formulation of our model in terms of four-vectors instead of 
antisymmetric tensors. This reformulation will be introduced in the present 
section. 

For this purpose we express the chiral tensors in terms of vector fields Vj^ 

P% = d»V± - d v V± ± l -e, v o°{d p V± - dvVf) (73) 
such that (<9 2 = <9 M <9 M ) 

= d 2 v± - d u d»v± = &>v£, (74) 

with field strength 

V± = d,V± - d u V± . (75) 

We will concentrate in this section on wave function renormalizations of the 
form (I67p . Neglecting a total derivative the quadratic term for the chiral 
tensors can then be written in the form 

1 
2 

In this formulation the effective action is local in the sense that it contains 
only a finite number of derivatives. However, the presence of terms with up 
to four derivatives introduces new unusual features that we will discuss in 
appendix A. 

For any solution of the linear field equations for f3^ v the vector fields 
obeying eq. (!73|) are guaranteed to solve the linear field equations for , as 
derived from eq. (ITS"]) . Different solutions for may correspond, however, to 
one and the same solution for f3^ v , as can be easily inferred from the relation 
(TT3"]) . Indeed, this relation only involves the field strength V^ v and is 
therefore invariant with respect to the local abelian gauge transformations 

V±^V± + dX- (77) 

One of the four degrees of is redundant, since /3+ or describe only 
three degrees of freedom. In turn, also the action ( |7oT) is gauge invariant, as 



Cf, ki n = ~{(V;j(-d 2 + ml)V + ^ + (V-J(-d 2 + ml)V-^ 

(v+yv-^ + (v-yv+^]\. (76) 
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well as the quartic self interactions for f3^ v and the interactions with quarks 
and leptons. In the latter f3^ v gets simply replaced by 2V^, since the projec- 
tions (1 ±7 5 )/2 ensure the correct coupling to ± V^ v automatically (with 
the dual field strength V^ v defined in the standard way). Formulated in terms 
of the model is invariant under a local 6 r (l) 8 -symmetry, corresponding 
to eight real (or four complex) parameters . We emphasize that concepts 
of locality and gauge symmetry depend on the basis of fields chosen for the 
description. The effective action remains local once expressed in terms of 
Vj 1 , even in presence of the nonlocality (|67p in terms of f3^ v . On the other 
hand, no trace of the gauge symmetry is visible in the formulation in terms 
of (3^. 

Solutions of the field equations for are guaranteed to correspond to 
solutions of the field equations for (3^ v only if the relation (1731 is invertible, 
i.e. if can be expressed in terms of (3^. This first requires a gauge fixing 
and we impose 

d^V^ = 0. (78) 
With this constraint we may write eq. ( 174|) as 

V» = ^(3% (79) 

provided d 2 V^ ^ 0. For the regular solutions for f3^ y , which have q 2 ^ 0, 
this additional constraint is no problem. 

The behavior of the modes with q 2 = is discussed in detail in appendix 
A. This discussion offers interesting prospects of an alternative interpretation 
of the chiral tensors, namely as an abelian gauge theory with gauge fields . 
Since the fermions carry no charge with respect to this gauge symmetry the 
coupling of the gauge fields to the fermions only involves the field strength 
V^. In contrast to the usual gauge theories the gauge fields have dimen- 
sion zero. Therefore V^ v has dimension of mass and the chiral couplings to 
the fermions are dimensionless. The classical kinetic term for V.f involves 
four derivatives, according to eq. ( 1751) with m± = 0, /i = 0. This accounts for 
the canonical dimension of V.,. The classical action is invariant under dilata- 
tion transformations. The "nonlocal mass" term breaks this scale invariance 
and appears here as a local term rn 2 t {V / ^,yV +fJ ' u . 

9 Positive energy for massive chiral tensors 

We next turn to the condition of a positive energy density for the solutions 
of the effective field equations. Since no secular solutions exist anymore 
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we can restrict the discussion to plane waves. We concentrate first on the 
regular solutions with four-momentum obeying q 2 = —m 2 . For all Fourier 
modes with q 2 < 0, as appropriate for the regular solutions of the linear field 
equations, we may actually define a rescaled vector field with the canonical 
dimension of mass [2] 

si = = . d " s i = o- (so) 

The quadratic term remains local in this formulation 

-Cf> = (S^(-d 2 +m 2 + )S + ^ + (S fi y(-d 2 + m 2 _)S-' 1 

M(s;ys^+(s;ys + ^). m 

However, the maximal number of derivatives is now two and the gauge fixing, 
which is implicit in the definition of S^, has eliminated the gauge symmetry 
in eq. ( 1HT1) . After diagonalization eq. (I8TT) describes the standard Lagrangian 
for massive vector fields, with squared masses 

m 2 . = ^{ m 2 + + m 2 _± ^ (m 2 + - m 2 _) 2 + 4/i 2 }. (82) 

The energy density corresponding to the Lagrangian flHUl) is indeed posi- 
tive for the solutions of the linear field equations for S^, provided m 2 > 0. 
This implies positive energy for the regular solutions of the field equations for 
P^w We conclude that in presence of the nonlocal wave function renormaliza- 
tion (1671) the fields f$t v describe stable massive spin one particles. Decays into 
lighter particles will turn those into resonances, and their status is similar to 
the p~ mesons in QCD. 

10 Mass generation for chiral tensors 

Possible mechanisms for the generation of "nonlocal mass terms" m\ have 
been discussed in [2]. We only add here the perspective of the gauge theory 
in terms of V^. In the gauge theory version the mass term appears in a local 
form 

-£>m> = ~\{<(V^V + ^ + ml(VjV-^). (83) 

This resembles the standard kinetic term for gauge theories, but we note 
the "wrong" overall sign. (The opposite sign for L m i would lead to unsta- 
ble solutions.) Also the dimensions are different from a usual gauge theory 
due to the different dimension of V/f . The classical symmetry which forbids 
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C m 2 is dilatation symmetry. This symmetry is broken by quantum anomalies 
leading to running couplings. The asymptotically free chiral couplings gen- 
erate a non-perturbative mass scale A c ^, very similar to the non-perturbative 
scale Aqcd in QCD. It seems plausible that mass terms m± ~ K 2 h can be 
generated. In particular, this holds in presence of cubic couplings 7 for (5 or 
V which are generated by electroweak symmetry breaking [2]. Since these 
effective couplings have dimension of mass it seems not so surprising that 
they generate effective contributions m\ ~ j 2 , as found by an explicit one 
loop computation [2]. We finally mention that a non-local mass term for chi- 
ral tensors has been proposed in a different context by Chizhov [5] through 
the mixing with additional gauge bosons. We show in appendix B that such 
a mixing cannot lead to a stable theory since the additional vector mesons 
become ghosts. 

A crucial ingredient for the mass generation and for our arguments in fa- 
vor of the stabilization of chiral tensor theories is the asymptotic freedom of 
the chiral couplings to the fermions. One may wonder what happens in theo- 
ries for chiral tensors in the absence of fermions, where the only microscopic 
interactions are the quartic interactions (1541) . In a first glance the issue of 
the generation of a nonlocal mass term seems more obscure. On the other 
hand, one may ask if the presence of the interactions renders the Hamilto- 
nian bounded from below, at least in presence of an ultraviolet cutoff for the 
momenta. We address this question in the appendix C. Such a boundedness 
will require certain positivity criteria for the quartic interactions and we will 
discuss in the appendix D if they can be met. 

11 Conclusions 

In this paper we have presented arguments that theories with chiral tensor 
fields are consistent quantum field theories. In this respect a theory with 
interactions with fermions differs from a free theory. The free theory for chi- 
ral tensors has an unbounded Hamiltonian and therefore shows instabilities. 
However, the free theory lies on the boundary between stable and unstable 
behavior. The interactions are therefore crucial for an assessment of the sta- 
bility of the model. We argue that the interactions with the fermions become 
strong at a characteristic scale A c h and induce a non-perturbative mass term 
for the chiral tensors ~ A 2 h . In presence of this mass term the tensor fields 
describe massive spin one particles and the solutions of the field equations 
are stable. Since also the Lorentz symmetry is preserved the quantization of 
interacting chiral tensors is consistent. 

The issue of consistency can also be regarded from a completely different 
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viewpoint. Let us neglect the quartic interactions (j54l and the gauge bosons 
mediating the usual electroweak and strong interactions. The model is then 
quadratic in the chiral tensor fields which may be integrated out. We there- 
fore can formulate our model as an equivalent purely fermionic model with 
a nonlocal quartic interaction 

— £>a,f = {u R Fua^q L }^{q L Fy ,u R } 

+{Q L Fla^d R + J L Fta^e R }^ 

{d R F D aPq L + e R F L a^l L }. (84) 

We can start as well with the fermionic model (with classical action S = 
f x (£kin,F + £>4,f) an d £kin,F the kinetic term for free fermions). It defines 
a relativistic quantum field theory via a functional integral over fermionic 
Grassmann fields. This functional integral can be fully regulated - in the 
infrared by considering antiperiodic Grassmann fields on a torus, and in the 
ultraviolet by a cutoff respecting the Lorentz and chiral symmetries [9], [8J. 
There is little doubt that such a model describes some type of consistent 
quantum field theory - the only question concerns the nature of its ground 
state. 

Of course, the determination of the ground state for the interaction ( 1541 
is rather intricate. Nevertheless, the enhancement of the attractive inter- 
action in the tensor exchange channel for low q 2 strongly suggests the use 
of partial bosonization via a Hubbard-Stratonovich transformation. This 
precisely yields our model for chiral tensors with an equivalent action S = 
J {Cun,F • + £ch+ Cun) ■ Since this model for chiral tensors coupled to fermions 
is strictly equivalent to the purely fermionic model with interaction ( 154"|) it 
should be considered as a consistent quantum field theory as well. We do 
not think that the addition of the gauge interactions and the quartic tensor 
interactions spoils this consistency. 

In summary, the absence of a consistent free theory for chiral tensors only 
indicates that the ground state is not perturbative. (Actually, this also holds 
for the Higgs model of spontaneous symmetry breaking where the free the- 
ory with a negative mass term- in the limit of vanishing quartic coupling - 
is tachyonic.) Nevertheless, the absence of a consistent free theory has prob- 
ably prevented so far the systematic investigation of the phenomenological 
consequences of this interesting class of quantum field theories. We hope 
that our results open the door for a determination of the properties of the 
ground state and its possible interesting consequences for our understanding 
of electroweak symmetry breaking. 
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Appendix A: Equivalent gauge theory and dual 
shifts 

For a wave function renormalization 0671) the field equations for have plane 
wave solutions with d 2 V fl = 0. Even though the approximation (1671) is not 
realistic for q 2 — > the discussion of this case will shed some light on the 
properties of the unusual gauge field kinetic term (1761) . We first address the 
general relation between the solutions of the effective field equations for f3^ v 
and the ones for V^. Omitting indices and summations we may write the 
field equations for V as 

In linear order the field equations for V and (3 read respectively 

£ = A v V = 0,| = ^ = 0. (A.2) 
For a linear relation between f3 and V one has 

A v = ApCp V , Cp V = |£ (A.3) 

For plane waves these relations hold for every momentum mode sepa- 
rately. Nontrivial solutions for V correspond to zero eigenvalues of Ay and 
therefore det^y = 0. From this we can conclude that Ap has zero eigen- 
values (for the same momentum) only if the relation between (3 and V is 
invertible. Invertibility requires a gauge fixing like eq. ( 1781) . but this a suf- 
ficient condition only for q 2 ^ 0, cf. eq. ( 1791) . After the gauge fixing only 
three independent components of V remain and invertibility corresponds to 
det Cpv 7^ 0. For the modes with q 2 = one finds det Cpy = even after 
gauge fixing. We want to ensure invertibility also for q 2 = and impose for 
the modes with q 2 = an additional condition for V which eliminates the 
eigenvectors of the zero eigenvalues of Cpv 

Let us concentrate on the Fourier modes V^q) with q 2 = and denote 
with V the nontrivial solutions of the relation 

Cf3 V V = 0. (A.4) 

A new "gauge transformation" V —>■ V+V, with V an arbitrary vector in the 
space of solutions of eq. (1A.4I) . will leave f3 invariant. The gauge fixing 
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q ll V^{q) = is not sufficient to eliminate all V and has to be supplemented 
by an additional constraint for q 2 = 0. Once this is done, the solutions of 
the field equations derived from the effective action for V are fully equivalent 
to the solutions of the field equations for /3. We can then use the local form 
of the effective action ( 1761) . In other words, certain solutions of the field 
equations derived from eq. flTHj) with d 2 V p ± = correspond to generalized 
gauge degrees of freedom (if m 2 + m 2 _ ^ /i 2 ). They decouple from the physical 
degrees of freedom, e.g. from the quarks and leptons. 

Indeed, the formulation in terms of V p exhibits an additional symmetry 
beyond the gauge transformations (1771) . We can add to V p an arbitrary 
anti-self-dual field If 5Vj~(x) obeys 

d,6V u + - djv; = -~e M „ p °(d p 5V+ - dJV p + ) (A.5) 

the antisymmetric tensor /3+ (1731) remains unchanged. Similarly, we have the 
freedom to add to V~ an arbitrary self-dual field. One may check explicitely 
that the action based on eq. (1751) is invariant under these transformations^. 
We call the transformations 

V? - V? + 6V+ , d,>8V? - dJV± = Tie» u p °d p 5V+ (A.6) 

the "dual shifts" if 5V p cannot be represented as d p X ± . 

Let us consider the case where the dual shifts are plane waves. In mo- 
mentum space the condition (|A.6[) becomes 



%SV? - qJV± = Tie»„ p(T q P SV±. (A.7) 

We first concentrate on the modes with q 2 = 0. For the choice q\ = q<i = 
, qo = q-s = q the constraint for 5V^(q) becomes 

SVf = ±i5V 2 ± , SV^ = 5V T . (A. 8) 

Both relations pick up an additional minus sign if we choose instead go — — Q- 
For 5Vf 2 = one has 5V p ~ q p and the variation 1 ) A. 81) is therefore an abelian 
gauge transformation. However, the relation (1A.8I) allows also variations with 
8V X 2 7^ - the dual shifts. Without loss of generality we can take the dual 
shifts as purely transversal, i.e. SV^ = 0. 



2 The standard kinetic term for gauge fields ~ J F* V F^ V is invariant under transfor- 
mations obeying (|A.5|) or the corresponding one for anti-self dual variations. However, 
in QCD this is not a symmetry of the action since the coupling between photons and 
electrons is not invariant. 
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In contrast, we may consider the modes with q 2 ^ 0, taking qi = q 2 = 
> Qo <ll- The only solution of eq. (1A.7I) is now 5V^ 12 = 0. Thus for 
the modes with q 2 ^ no independent dual shifts exist. This reflects our 
observation that for q 2 ^ the relation between and (3^ v is invertible if 
the gauge fixing ( 1781) is imposed. In general, the transformations ( 1A.6I) are 
local transformations - we may choose independent SV^(q) for the different 
momentum modes. However, for plane waves most of these transformations 
correspond to local gauge transformations. Independent dual shifts exist only 
for the modes with q 2 = 0. 

The dual shifts constitute an additional symmetry group under which the 
action for must be invariant. This restricts the most general form of the 
gauge invariant action for to such terms that can also be expressed in 
terms of At this point we recall that the dual shifts act differently on 
and V~ . This is actually the only memory that V + and V~ are connected 
to different Lorentz-representations (3 + and (3~ . In particular, the dual shift 
invariance forbids a coupling of V~ to the fermion bilinear u^q^ in eq. (150]) 
- the only allowed couplings involve q^R and Tl^r- In turn, V + can only 
couple to m_r(?l. The dual shift symmetry is obviously a crucial ingredient if 
our model is formulated in terms of gauge fields V^. 

The possibility of gauge fixing for the dual shifts is precisely what is 
needed in order to eliminate all spurious solutions V (1A.4I) and to make the 
relation between V and j3 invertible also for q 2 = 0. We can then discuss the 
field equations for V instead of the ones for f3 . For plane waves the field 
equation derived from eq. (1751) reads 

(q 2 + ml)(q 2 V± - q»q v V ±v ) = -^q 2 V^ - q^V^)- (A.9) 
In a frame with q^ = (go, 0, 0, q), q > we can write the general solution as 

V?{q) = c ± (q)q fl + %{q) , %{q) = |v (?) (A.10) 

where c^{q) describe gauge modes and obeys 

{q 2 + m 2 ± )q 2 V± = - m 2 VT. (A.ll) 

The solutions with q 2 ^ correspond to the massive spin one particles with 
masses given by eq. ( 1821) . Besides that one always finds solutions with q 2 = 0. 
In the limit m\ = , fi = the solutions with q 2 ^ and q 2 = merge into 
solutions with q 2 = 0. All solutions have now q 2 = and the double pole in 
the propagator ~ 1 /q 4 for explains the presence of the secular solutions 
discussed in sect. El 
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Let us next consider the case m± ^ , /i = 0. For q 2 = the propagator 
has now only a simple pole and no secular solutions remain. For the modes 
with q 2 = there is a residual gauge symmetry which leaves the gauge 
fixing q^V 1 = invariant. Similar to electromagnetism we can employ the 
gauge symmetry in order to set Vq — V3 — 0. The remaining solution for 
V^(q) is then purely transversal - only Vx >2 differ from zero. The two linearly 
independent solutions can be written as V 2 = iV\ and V 2 = —iV\. For q > 
and V + the second one can be eliminated by a dual shift transformation 
( 1A.8I) and therefore describes a generalized gauge degree of freedom. The 
"physical mode" obeys V 2 = %V\ and corresponds to the linear combination 
V\ + — iV 2 . Inserting = = into eq. (1731 one obtains the nonvanishing 
components of (5 + 



P01 = ify = i{q Q V+ -iqV+), 

P02 = iPti = *(loV 2 + + i qV 1 + ), (A.12) 

and, correspondingly 

Bt = qoV+ - iqV 2 + , B+ = q V 2 + + iqV+ , 5 3 + = 0, (A. 13) 

or 

K = -±=(q -q)(V 1 + + l V 2 + ), 

b+ = ±={q, + q){V 1 + -iV 2 + ). (A.14) 

For qo = q the physical mode obeys V 2 = iV* such that bf = , b 2 = 
2y / 2?V / 1 + , whereas for q = —q the physical mode reads b~{ = —2\f2qV^ , b 2 = 
0. This reflects the properties of the solutions to the field equations for by. 
solutions with q = q exist only for b 2 and solutions with q = —q only for 
bi . In the gauge theory formulation this strange behavior is a consequence of 
the dual shift symmetry. No solution with q 2 = exist for 6 3 and we recover 
all features of the discussion after eq. ( 1631 ). 



Appendix B: Mixing of chiral tensors and gauge 
bosons 

It has been suggested that a mass term for chiral tensors can be induced by 
coupling them to gauge bosons [5] . We show here that this mechanism leads 
to tachyons or ghosts in the spin one sector and is therefore not acceptable. 
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We will demonstrate the problem with complex chiral tensor fields (3^ = 
@% + Puv an< ^ & dd complex gauge fields A^. (The problem is similar for real 
fields.) We investigate the effective action in momentum space with 



+ -F^qYF^q) + -(m 2 g^ + -q lx q v )A^{q)A\q) (B.l) 



a 



with 



n 



fiupa 



(q) 



2 i.9pp9ua QpuQup) 

-^(q^pQua - qpq*9u P - qvq P 9pa + qvq<,g w ) (B.2) 



obeying 



n 



p.ua/3 



U af3 



pa 



c^9iip9va QiiaQup)- 



(B.3) 



The coupling e between gauge bosons and tensors involves the field strength 
F^ v = d^Ay — dyA^ and is consistent with the U(l) x U(l) gauge symmetry. 
We have added a gauge fixing term with parameter a and a mass term m 2 
for the gauge bosons. The latter can be thought of as being generated by the 
usual Higgs mechanism of spontaneous gauge symmetry breaking by complex 

scalar fields. The local term ~ v{(f3 +flu )*f3~„ + (/3~T/3J,} mixes the P + 
and f3~ components. It violates the chiral U(1)a symmetry or the discrete 
symmetry Ga which forbid local mass terms. In our context it may also be 
induced by spontaneous symmetry breaking through scalar fields. 

In order to investigate the spectrum we first solve the field equations for 
the gauge fields in presence of f3p U (q 2 ^ —m 2 ) 



^(q)A v (q) = -2ieq»f3„„(q), 



Fpu(q) 



2e 



q 2 + m 2 

Insertion into the field equation for (3 yields 

4e 2 \ . . / // 

4 



{qpq P 9ua - quqp9pa)P pa (q)- 



t( 1 + 

4 \ q z + m z 



n 



pupa 



q 2 e 2 



qz _|_ m z 



-j^9pp9v 



9v P 9p.o 



(B.4) 
(B.5) 

P pa (q) = 
(B.6) 
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or, in the basis of fields 

\ q z + / \ + m z J 

( 1 + "a^V) P^(Q)Br(q) + f A* " "TrV) ^ + (<?) = 0- (B.7) 
\ q z + m z / \ q z + m z J 

We concentrate on generic momenta for which 

/i(g 2 + m 2 ) ^ 4g 2 e 2 . (B.8) 

With 

A{q 2 ) = -i^~ 2 (B.9) 
+ m z 

one finds by inserting one of the equations (IB. 71) into the other 

( g 2 + + 2A(q z ))B±(q) = 0. (B.10) 

Stability requires that all nontrivial plane wave solutions occur for neg- 
ative or zero q 2 . One of the modes has q 2 = —fi and we therefore require 
jtt > 0. The other modes obey 

q 2 = fi-2A(q 2 ) (B.ll) 
which results in a quadratic equation 

q 4 + (m 2 - fi + 8i 2 )q 2 - fim 2 = 0. (B.12) 

The solutions are 

q 2 = -- |8e 2 -fi + m 2 ± ^/(8P - fi + m 2 ) 2 + Afim 2 } . (B.13) 

For m 2 = there is a solution with q 2 = and one with q 2 = — (8e 2 — ft). 
The latter corresponds to a stable particle if 8e 2 > ft - this is the scenario 
discussed in [3]. 

If we turn on a Higgs mechanism the covariant kinetic term for the scalar 
will produce a positive m 2 = g 2 \(po\ 2 where g is the gauge coupling and <po 
the vacuum expectation value of the scalar. For any positive m 2 we find 
a tachyonic mode with positive q 2 . This may seem strange since the usual 
Higgs mechanism produces a positive squared mass for the gauge bosons, 
as can be seen in the limit e = where the gauge boson corresponds to 
the solution with q 2 = —m 2 (while the chiral tensor is now tachyonic with 
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q 2 = fi.) In order to explain our result we observe that for m 2 = (<p = 0) 
the gauge symmetry remains unbroken and requires a massless gauge boson, 
as found here. However, the gauge symmetry does not guarantee that the 
effective kinetic term for the gauge boson is positive. Due to the mixing the 
effective kinetic term may turn negative such that the gauge bosons appear 
as "ghosts" . Indeed with a negative kinetic term a positive mass term would 
result in a zero of the inverse propagator at q 2 > 0. This is precisely what 
happens due to the mixing with the chiral tensors - the gauge bosons are 
turned into ghosts. 

In order to see this easily we "integrate out" the chiral tensors, i.e. we 
solve the field equation for (3 pv in presence of the gauge fields 

2 

^U^ pa (q)i3^(q) + fa v (q) = eF, v (q) (B.14) 

and insert the solution into the effective action. We are interested in the zero 
of the inverse propagator at q 2 = (for m 2 = 0) and may therefore use the 
simplified field equation (3^ v = (4e/ '^)F^ U . Then the effective action becomes 
for low momenta 

r = /(i-y) f^WM- ( B -!5) 

For e 2 > /i/16 the effective kinetic term turns negative. We recall that 
e 2 > fi/8 was necessary to avoid a tachyon - thus the model contains either 
a tachyon or a ghost or both. In presence of interactions a ghost will lead to 
instabilities even in the absence of gauge symmetry breaking (m 2 = 0). We 
conclude that this scenario is unacceptable. 

We may cast the mixing between the gauge bosons and the chiral tensors 
into the language of the main part of this paper by "integrating out" the 
gauge bosons. Insertion of the field equation (1B.5I) into the effective action 
yields 

+ (l-?T^)^ (g)/3 - (g) }- (R16) 

For m 2 = we see that the mixing indeed contributes to the nonlocal mass 
term Am 2 + = Am 2 = 4e 2 , but also to A/i = — 4e 2 . For detP(g) in eq. ( 1551) 
one finds 

det P(q) = (q 2 + 4e 2 ) 2 - (// - 4e 2 ) 2 (B.17) 
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with zeros at q 2 = — //, q 2 = — (8e 2 — fi). 

For m 2 > an additional solution with q 2 > appears, according to 
eq. ( IB. 131) . In the limit m 2 — > this should turn into the ghost at g 2 = 0. 
However, this mode is no longer visible in eq. ( IB. 161) which has only two 
modes with positive squared mass if m 2 = 0, 8e 2 >//,//> 0. The reason 
for the apparent disappearing of the ghost mode reflects that eq. (1B.4[) is no 
longer invertible if q 2 = 0, m 2 = and therefore the effective action (IB. 16[) is 
not valid for q 2 + m 2 = 0. 

Of course, we can get all these results by investigating directly the zero 
eigenvalues of the inverse propagator matrix in the space of chiral tensor 
and gauge fields. We also mention that an investigation of the special case 
fi(q 2 + m 2 ) = 4g 2 e 2 does not change the situation. 

We conclude that the mixing of chiral tensors and gauge bosons should be 
a subleading effect and cannot be responsible for the generation of a nonlocal 
mass term for the chiral tensors. A small mixing between the chiral tensors 
and the gauge bosons is expected in a realistic model for weak interactions 
[2]. A different mechanism has to produce nonlocal mass terms of the type 
m 2 ± as discussed in the main text. Then a small mixing is acceptable, as 
discussed in [2J. In eq. (IB. 171) the nonlocal mass term adds an additional 
piece ~ in front of Ti^upa- Now, stability can be achieved in a region of 

small e 2 where the kinetic term for the gauge fields (IB. 151) remains positive. 
More precisely, this holds for m 2 + = m 2 _ , whereas for m 2 + ^ m 2 _ a distinction 
between /3+ and /3~ has to be made. The phenomenology of this mixing, 
which influences the magnetic moment of the muon, has been addressed in 
0. 



Appendix C: Stability for interacting chiral 
tensors without fermions? 

In this appendix we argue that in presence of appropriate positivity proper- 
ties of the interactions the Hamiltonian for chiral tensors without fermions 
becomes bounded from below, such that the model can be quantized consis- 
tently. 

In the operator picture the quartic polynomial in the fields B& ( 1541 di- 
rectly translates into a corresponding interaction contribution to the Hamil- 
tonian H int which is quartic in Q. On an extremely simplified level the crucial 
features of a possible stabilization can already be seen by adding in eq. (131?]) 
to h\ an interaction piece h int = \{Q a Q a ) 2 - Indeed, a term ~ (BIBk) 2 in £ 
will induce an additional term in h, i.e. hi nt ~ A(frf&i) 2 or, on the operator 
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level 



- - 2 f d 2 d 2 

hint = KQaQaf = A ( 7^ + 7^ 

d 2 Id 1 d 2 ^ 2 



^ \dr 2 ^ r dr ^ r 2 dtp 2 ) ^ ^ 

It is obvious that the Hamiltonian hp + Km + hi nt has a bounded spectrum 
for A > 0. Inserting d 2 /dip 2 = — m 2 one may solve the remaining differential 
equation for the dependence on r. Alternatively, in coordinate space the 
system hp + hi nt corresponds to an unharmonic two-component oscillator 
and Jim — —iqd/dip' = mq does not affect the boundedness. 

We want to show that H is bounded from below for suitable positivity 
properties of Hint- This requires that H in t{B) grows in all directions in 
field space for B — > oo. With this positivity restriction on the interaction 
the pieces Hp, Hq and H int are all positive definite. The only problem for 
boundedness may arise from Hm- Let us consider 

which obeys 

Hp = Hp + H M — Hq — H'q , H = Hp + 2Hq + H' Q + H in t, 
d 3 q 



m 



since H' p and Hq are positive semidefinite operators it is sufficient to show 
that Hint + H'q is bounded from below. For definiteness, let us think about 
some regularized version, for example on a lattice with large but finite vol- 
ume, where q 2 is bounded and the momentum integration is replaced by a 
discrete sum. The boundedness of H in t + H'q is dictated by the interaction 
term H in t since this contains terms quartic in Q. Omitting for a moment the 
various indices one finds in coordinate space a structure of the type 

Hint + H' Q = J d 3 x{XQ\x) - \d k Q{x)d k Q{x)} (C.4) 

This may be evaluated for Q-eigenstates Q(x)ijj = B(x)tjj such that H in t + H'Q 
becomes a functional of B(x). Despite the negative sign of the gradient term 
this is bounded from below since lattice-derivatives will be of the order of 
the inverse lattice distance. Therefore the quartic term always dominates 
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for large enough \B\, demonstrating that H int + H'q is indeed bounded from 

below, implying that also the full Hamiltonian H is bounded from below. 
Adding a suitable constant the energy is therefore positive and the quantum 
system is well defined if H int meet the positivity criteria. 

One may suspect that problems may arise since our argument has involved 
a regularization and the minimum of H in t + H'q is realized for functions B (x) 
with large gradient terms. The problem of finding the state which minimizes 
the full Hamiltonian H is much more complex, however. For Q-eigenfunctions 
with large \dkB\ 2 one also obtains a large positive contribution from H' P 
which cancels the negative contribution from H'q. Our simple arguments 
involving a regularization should therefore only be used for the formal proof 
of the boundedness of H, not for a search of the state minimizing the energy. 
As we have learned before, negative contributions to H arise only from the 
transversal modes. For those modes H is actually linear in the gradient term 
(i.e. Hm in eq. (jSJ)) and the coefficient of the linear term involves P. The 
problem of finding the ground state (minimum of H) amounts to solving the 
quantum field theory for interacting chiral tensor fields. 

Appendix D: Positivity properties of quart ic 
interactions 

In this section we investigate if it is possible to achieve a growing H int for 
growing \B\. We discuss the quartic polynomial (Ell) and investigate of H int 
can be made positive definite for all B^ ^ by restricting the space of 
allowed couplings Tj. For example, we may only retain positive couplings 
t + > 0,t_ > and set all other quartic interactions to zero. However, the 
resulting Hamiltonian is not positive definite in all directions in field space. 
To show this for a one-component tensor it is sufficient to consider B£ and 
use invariance under rotations in order to achieve for the real and imaginary 
parts B 2 r = B 3 r = 0, B 3 i = 0. Insertion into eq. ( jBJ) yields 

H mt = T -± {{Bl R - B 2 2I f + Bfj + 2BUB 2 1R + B 2 2I )} . (D.l) 

Thus Hi n t is positive semidefinite, but it has two flat directions B 2 i = 
±B 1R , Bu = 0. We may also add an interaction 

- CPA = y&Pn* = \m) ] B- k + {B-JB+] 2 (D.2) 

which corresponds to T\ = f, r 3 = 2f, Tj = otherwise. For f > this is 
again positive semidefinite, but it does not influence the flat directions of the 
invariant ~ r + if we set B^ = 0. 
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We will show next that a flat direction is present for arbitrary polyno- 
mials in that respect the Lorentz symmetry. Thus a local form of H int 
is at best positive semi-definite. Our argument follows from simple group 
theory. We first consider invariants that do not involve B~ . They have to be 
built from n + factors B + and n_ factors B + *. With respect to the Lorentz 
symmetry B + transforms as (3, 1) such that (B + ) n+ is in some reducible 
representation (R + ,l). Similarly, (B + *) n - belongs to (l,i?_), and the total 
invariant transforms as (R + ,R-). Since this must be the singlet representa- 
tion (1,1) we can conclude that the product of n + factors B + must be itself a 
singlet, and similarly for the n_ factors of B + * . Next, a singlet with respect 
to the Lorentz symmetry must be a singlet with respect to the subgroup of 
rotations. Therefore the n+ factors of B + can be written in terms of the 
two rotation invariants B^B^ and e k i m B£ B+ B+. We next express the first 
rotation invariant in terms of the linear combinations b±, 62, 63 as 

B ta B tb = + 62,061,6 + h,ah, b (D.3) 

where a, b are additional indices if we have more than one sort of complex 
£> + -fields. It is obvious that for 62 = 63 = this invariant vanishes for 
arbitrary b x . Also the invariant e^imB^ a Bf b B+ c vanishes (even in presence 
of arbitrary internal indices a, b, c) since it involves at least one factor of 
B 3 = 63. We conclude that all possible polynomial invariants constructed 
only from B + and (B + )* have flat directions, namely 62 = 63 = with 
arbitrary 61, and b\ = 63 = with arbitrary 62- This remains unchanged if 
we include invariants involving B~ , since the flat directions in B + persist if 
we put B~ = 0. 

This finding has the far reaching consequence that any effective action 
which is local in the fields f3^ V) i.e. which admits an expansion in powers 
of derivatives around constant (3^, will necessarily lead to flat directions in 
field space. The corresponding modes are massless, i.e. the inverse propa- 
gator vanishes for q 2 = 0, and furthermore there is no potential in these di- 
rections. This situation changes only once nonlocal terms are generated, like 
the nonlocal mass term m 2 + . Due to the nontrivial Lorentz-transformation 
properties of projectors like Pki(q)/q 2 new Lorentz structures are admitted 
and can lift the degeneracy in the flat directions. 
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